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ABSTRACT 1.2 Encouraging developments

The gap between modelling techniques for DSP functionality _ . .
and those for software implemenations is widening. This im- Encouraging is the growth of hybrid systems formalisms

pedes unifying formalisms for analog, digital and software sys- [2; 13, 28], although their style is often too entrenched in
tems. Recovering these opportunities requires declarativity. traditional logic for linking conveniently to classical en-

A suitable formalism is outlined, based on a mathematical gineering mathematics. Here the more practicédula-
rather than a programming language. Examples show how it tional logic advocated in [14, 16, 8] is better suited.
unifies continuous and discrete mathematics, from analysis to  The need for declarativity has also been emphasized by
formal program semantics. The formalism provides crucial ad- eminent researchers in the DSP area [23], in the context of
vantages in reasoning by calculation about all aspegts of SP, an%aking Electrical Engineering and Computer Engineering
paves the way for software tools of the next generation. into a more unified discipline, called ECE [22].

Our own research over the past 15 years is also aimed
at unifying EE and CS, starting with mathematical mod-
elling and reasoning. The style in classical engineering is
1.1 Motivation: the lost grail of declarativity mostly calculational: chaining expressions by relational
operators, e.g., equality. In a classic engineering text [12],

1 INTRODUCTION

There is a widening gap between the modelling of SP
functionality and of software implemenation. The first F(s) — f+oo |2 g —i2was g
typically uses well-established formalisms from classical (5) = [ ee v
engineering mathematics, but software practices around = 2[;0c e~ % cos2mxs dx
DSP systems resemble the early days of programming by 400 _u iomws

; . = 2 Ref e “e dx
not using mathematical models for programs or for calcu- 0

lationally deriving programs and their properties [25]. = 2Re 7‘277_5171
The main cause in DSP is a shift from essentially — ﬁ , (1)

declarative mature engineering formalisms to “algorith-
mic thinking” induced by computer implememntation, ig- - every step is based on a clear calculation rule.
noring the declarative mathematical methods for software. By contrast, logical reasoning in everyday practice by
This evolution is historically and educationally backward: mathematicians and engineers is highly informal, and of-
mathematics evolved from algorithmic concerns (adding ten involves what Taylor [27] callsyncopation, namely
numbers) to declarativity (geometry, algebra, analysis), ysing symbols as mere abbreviations of natural language,
and so does education from grade school to university.  for instance the quantifier symbotsand3 just meaning

A well-designed declarative DSP language like Silage «for a1 and “there exists”, without calculation rules.
[18], although now superseded by new concepts, was “a \yg provide a formalism enabling engineers to calculate
significantimprovement over most of its successors”, such ity guantifiers as fluently as with simple derivatives and
as C++ (and SystemC), about which Lamport [21] aptly jnteqgrals. The formalism is free of all defects of common
warns that it may harm the ability to think logically. conventions, also those outlined by Lee and Varaiya [23].

Another symptom is very sloppy terminology, blurring e reward is that mathematical models for software be-
the difference 'be.tween an “algorithm” and an abstract sys- ., .« 2« convenient as those for signals and systems.
tem characteristic to a degree that compares unfavorably

with Peyo’s little blue dwarfs calling everything “smurf”.

Indeed, reducing the abstraction level to so-called “ex-
ecutable specifications” wastes valuable opportunities: noThe language and the calculation rules of the formalism
programming notation, but only a mathematical one, can are presented in section 2, Application examples are given
achieve the required declarativity [21], especially in DSP. in section 3, conclusions in section 4.

1.3 Overview



2 THE FORMALISM
2.1 Funmath language design

Poor notation is a stumbling block against formal calcula-

tion: if one has to be on guard for the defects, one cannot

“let the symbols do the work”. For a critique of typical
defects in conventions “everyone” uses, see [10, 23].

We do not patch defects ad hoc, but generate correct forms

by orthogonal combination of just 4 constructs, gaining
extra useful forms of expression. The basisuisctional.

A function f is fully defined by itsdomain D f and its
mapping (image definition). Here are the constructs.

Identifiers: nearly any symbol. They aratroduced by
bindings i: X A p, wherei is the (tuple of) identifier(s),
X aset ang a proposition. Théilter A p (or with p) is
optional, e.g.n:Nandn:Z An > 0 are interchangeable.

Shorthandi := e stands fofi : c e. We write. e, not{e},
for singleton sets, usingdefined bye’ € 1e = ¢’ =e.

Identifiers can beariables (in anabstraction as below)
or constants (introduced by alefinition: def binding).

Application: the default isf e for function f and argu-
mente; other conventions may be specified binding, e.g.,
—x— for infix. Parentheses arever operators, but only
indicate parsing. Precedence are the usual onesislfa
function-valued functionf « y stands for(f ) y.

Partial application of x is ax or xb, with (ax) b = axb =
(%b) a. Variadic application is a b c etc.,always defined
asF (a, b, c) for a suitableelastic extension F' of x.

Abstraction: the form isb. e, whereb is a binding,e an
expressiony : X Ap.e denotes a function whose domain
is the set ofy in X satisfyingp, and mapping to e. Syn-
tactic sugare | bforb.eandv: X | pforv: X Ap.v.

A trivial example: if v does not occur (free) ia, we
define® by X ®* e = v: X . ¢ to denoteconstant functions.
Special cases: thempty function €:=0* e (any e) and
defining— by ¢’ — e = 1€’ ® e for one-point functions.

2.3 Rules for calculating with propositions and sets

Assume the usual propositional operators=, =, A, V.

A practical proposition calculus needs many rules [16].
Implication = is associative= is not. Parentheses in
p = (¢ = r) are optional, so required i(p = ¢) = r.
Embedded in arithmetic [4, 5], logic constants are 0, 1.
Leibniz’s principle ise = ¢’ = d[V= d[J.
For sets,c is the basis. Rules are derived ones, e.g.,
definingnbyz € XNY = x € X Az € Y andx by
(r,y) e X xY =z € XNy €Y. later we defind—},
enabling to prove € {z: X |p} = y € X Ap[j.

2.4 Rules for functions and generic functionals

We omit the design decisions, to be found in [6] and [9]. In
what follows, f andg are any functionsP any predicate
(B-valued functionB:={0, 1}), X any setge arbitrary.

Function equality and abstraction Equality is defined
byf=9g=Df=DgA(z€eDfNDg= fr=gzx)
(Leibniz) and byextensionality for the converse.
Abstraction encapsulates substitution. Formatlymain
axiomd € D(v:XAp.e) = d € X A p[y; mapping
axiomd € D(v: X Ap.e) = (v:XAp.e)d = e[l.
Equality is characterized via function equality (exercise).
Generic functionals Goals: (a) removing restrictions in
common mathematical functionals, (b) making often-used
implicit functionals from signal and systems theory ex-
plicit. The idea is defining the result domain judiciously.
Case (a) is illustrated by compositigiv g, commonly
requiringR g C D f. We define, formny functions:

fog x:Dghgx eDf.f(gx).

Note:D (fog)={x:Dg|gx €D f}.

Case (b) is illustrated by the usual implicit generaliza-
tion of arithmetic functions to signals, traditionally written
(s+5")(t) = s(t) + s'(t). We generalize this byduplex)

®3)

We use abstractions in synthesizing familiar expressionsdirect extension ("): for any functions« (infix), f, g,

suchasy i:0..n.q¢" and{m:Z | m < n}.

Tupling: the basic formig, ¢’, ¢’ (any length), denoting

a function with domain axionD (e, e’,e”) = {0,1,2}
and mapping axion(e, e’,e”)0 = eand(e,e’,e”’) 1 = ¢’
and(e,e’,e”)2 = ¢”. The empty tuple is and for single-
ton tuples we define with 7e = 0+ e. Parentheses are
not part of tupling, and matrices are 2-dimensional tuples.

2.2 Equational and calculational reasoning

The equational style of (1) is generalized to the format

()

where theR in successive lines are mutually transitive, for
instance =<, etc. in arithmetic=, = etc. in logic.
We write[¢ for substitution, as itiz-y)[?, ;= (2+1)-y.

e R (Justification ¢’

fxg=x:DfNDgA(fx,gz)eD(*).fzxgz. (4)
Similar is half direct extension: for function f, anye,
fxe=f*(Df%) and ex f=(Df%e)*f. (5)

Simplex direct extension) is defined byf g = fog.
Filtering (|) introduces or eliminates arguments:

flr (6)

We extend| tosetsz € (X | P) = 2 € XNDPAPuz.
Writing a,, for a | b and using partial application, we get
formal rules for useful shorthands like,, andR~ .

For the commonmestriction (]): f1X = fl(X*1).

A very important use of generic functionals is support-
ing the point-free style, i.e., without referring to domain
points. The elegant algebraic flavor is illustrated next.

c:DfNDPANPz.fx.



2.5 Rules for predicate calculus and quantifiers
Axioms, forms of expressionFor any predicaté’,

VP = P=DP*l 3P = P#DP*0(7)

Letting P be an abstractiom: X . p yields the familiar
formVv:X .p,asinvz:R.z? > 0. Algebraic laws are

most elegantly stated in point-free form. Each has a point-

wise (familiar-looking) form using an abstraction.

Derived rules All follow from (7) and function equality.
A practical collection is derived in [8, 10]. Here we give
only some examples, starting by expressing g as

f=9
Another example iguality (generalizing De Morgan law)

9)

Here are the main distributivity laws. All have duals.

Df=DgAvVax:DfnDg.fz=gzx (8)

SYP=3(FP) - (Vu:X.p)=3v:X.-p

Rule name Point-free form

Distributiv. V/V qVVYP =V (q¢V P)
L(eft)-dist. =/v ¢=VYP =VY(q=P)
R(ight)-dst.=/3 JP=q¢=VY(P5q)
P(seudo)-daN | DP =0V (pAYP) =Y(p A P)

Pointwise:3(v: X .p)=q = V (v: X . p=q) (neww).
Here are a few additional laws, without comment.

Name of the rule Point-free form
Distribut. V/A V(PAQ) =VPAVQ
One-point rule VP_.. =e€DP= Pe
Trading VPy =VY(Q=P)
Transposition V(VoR) =V (VoR")

2.6 Wrapping up the rule package for function(al)s
Function range We define the range operatBrby

ecRf=3x:Df.fa=e. (20)

A consequence is the composition ridé = V (Po f)
andDP C R f = (V(Pof) = VP);inpointwise form
V(y:Rf.p) = V(z:Df.p[},) ("dummy change”).

Set comprehensionWe define{—} asfully interchange-
able with R. This yields defect-free set notation: expres-
sions like{2, 3,5} and Even = {2 - m | m:Z} have fa-
miliar form and meaning, and all desired calculation rules
follow from predicate calculus via Eq. (10). In particular,
we can prove € {v: X | p} = e € X A p[Y (exercise).
Function typing The familiar function arrow (—) is de-
finedbyf e X—-Y =Df=XARf CY. Amore

whereT is a set-valued function. Not& (X,Y) =
XxYand X (X°Y) = X—-Y. WeuseX>z—Y
as shorthand foiX z: X .Y, whereY may depend om.

3 EXAMPLES

3.1 Examples in analysis and continuous systems

Analysis: calculation replacing syncopation We show
how traditional proofs tht are tedious by syncopation [27]
are done calculationally. The exampleaigacency [20].
Since predicates (of typgR — B) yield more elegant for-
mulations than sets (of typge R), we define the predicate
transformerad: (R —B) — (R — B) and the predicates
open: (R —B) — B andclosed: (R — B) — B with

adPv =Ve:Ryo.3z:Rp.jz—v| <e
openP =Vuv:Rp.Je:Rso.Vz:R. |z —v|<e= Px
closed P = open (S P) .

We prove theclosure property closed P = ad P = P.
The calculation, after the (easy) lemma = ad P v, is

closed P

=(closed) open (= P)

=(open) Vv:R=p.Fe:Rso.Vz:R.|z—v|<e==Pzx

=(Trading¥)
Vvo:R.SPv=3Je:Ryo.Vz:R.|z—v|<e==Pxz

=(Contrapositive, i.esqp = q = ¢ =p)
Vv:R.53(e:Rso.Vz:R. Pz = - (Jx —v| <€) = Pv

=(Duality and—(p = —q) = pAq)
Vo:R.V(e:Rso.3z:R. Pz Az —v| <€)= Puv

=(Def.ad) Vv:R.ad Pv = Pv

=(Lemmg Vv:R.ad Pv = Puv .

Properties of systemsSignals overA are functions of
typeS, :=T — A for time domainT. A system is a func-
tions:S4 — Sp. AssumeT additive and4d = B = C.

Let o be theshift operator witho, zt = = (t + 7). We
characterizetime invariance by V7:T.soo, = 0,08
andlinearity by Vz:Sc .Ve:C.s(c - 2)=c - sz

We show that the response of a linear and time-invariant
system to the parametrized exponenkal :C — T — C
with E. t = e¢* satisfiess E, = sE.0 - E.. We start by
calculatings E.. (¢ + 7) in order to exploit all properties:

sEc.(t+71) = (Definitiono) o, (sEc)t
= (Timeinv.s) s(o-Ec)t
= (PropertyE.) s(E.7 - E.)t
= (Linearitys) (E.T - sE.)t
= (Defintion™) E.7-sE.t .
Substitutingt := 0 yields sE.7 = (sE.0 - E.)7 and
hence, by function equality,E. = s E.0 - E..

3.2 Functions as a unifying paradigm in SP

Sequences are rarely viewed consistently as functions in
DSP, which often even leads to inadequate conventions
pointed out in [23], such as denoting a sequence[by.

refined type is théunctional Cartesian Product (X):

feXT=Df=DTANVe:Df.feeTz, (11)



Continuous and discrete SP can be unified by always3.3 Modelling programs

defining sequences as functions, making them inherit the

rich collection of generic functionals. This issue is dis- Program equations Define thestate s as the tuple made
cussed in [9], including application examples to formal ©Of the program variables, arflits type. We let's de-
semantics and calculational reasoning for SP-related lan-hote the state before and after executing a command;
guages such as LabVIEW. Here we provide only the ba- ‘¢ = €[5, ande’ = e[;,; also,s . e abbreviates : S.e. Let

sics and a somewhat different example about automata.

Sequences as function®efineOn = {m:N | m < n}
for anyn:N’, whereN' :=N U : co. The set of sequences
of lengthn over a setA is defined byA Tn = (On— A,
with shorthandA™. Note: A° = ;e and A~ = N— A.
Also, A* = |Jn:N.A" andA* = [Jn:Nyq.A" and
A¥ =J n:N. A" Finally, recallra = 0 — a.

We define thehift (o) for any nonempty sequenaddy
cx=n:0@#z—-1).2(n+1). Concatenation is+,
e.g.(7,e)H (3,d) ="7,e,3,d,andz < a =z +H Ta.

Causal systemsWe defineprefix ordering < on A* by
r<y=3dz:A*.y =z+H 2 Asystemss:A*— B*
is sequential iff © < y = sz < sy. This captures the
notion of causal (better: “non-anticipatory”) behavior.

Function r: (A*)2 — B* is a residual behavior (rb)
function fors iff s (x +y) = s +r (z,y).

THEOREM: s is sequential iff it has an rb function.
Proof: starting from the sequentiality side,

(z,9): (A" . 2<y=sz<sy
(Definit. <)V (z,y) : (A*)?.3(2: A" .y =z +2) =
J(w:B*.sy=sx+u)

(RAst=/3)V (x,y) : (A*) 2.V (2: A* .y =x+H2 =
Ju:B*.sy=sxz+tu)

(Nest,swpVaz:A* . Vz: A" V(y: A" . y=z+2z=
Ju:B*.sy=sxz+u)

=(1-pt,nest V(z,2): (A")?.Ju:B* .s(x +2) = sz +Hu

=(Comprehy 3r: (A*)?> — B*.

V(z,2):(A*)? . s(x+H2) =sx+Hr(x,2) .

I <<

We used thefunction comprehension axiom: given any
relationR: X xY — B, thenvz: X .3y:Y . R (z,y) iff
3f: X->Y . Vo:X . R(z, fzx).

Application: derivatives and primitives For sequential
systems, we define thierivative operator D by Dse = ¢
ands (r —<a) = sx++Ds(x—<a),soDs(z—<a) =
r (z, T a) wherer is the (unique!) rb function of.
Primitivation | is defined for anyg: A* — B* by
lge = eand lg(x <a) = lgz+g(z+a). Prop-

erties are shown next, with a striking analogy in analysis

(with respective D and I-operators, of course).

sx=se+1(Ds)x
fz=f0+1(Df)x

s(x—<a)=sz+Ds(z—=<a)
fx+h)=fz+Dfzx-h

Finally, {(y: A*.r (z,y)) | : A*} is thestate space, on
which automata realizing can be defined (exercise).

C be the set of commands.

We defineR_:C —S* »BandT_:C — S— B such
that the effect of command is described by two equa-
tions: R, (s, s’) for state changeT.'s for termination.
Example: for Dijkstra’szuarded command language [14],

Command: State chang®. (s, s)
vi=e s ='s[v
i’ FseRe (*s,8) ARy (s,5)
if [Ji:1.b;-> ¢ fi Ji:l.% ARy (s, 8")
Commana: TerminationT, s
vi=e 1
i’ To'sAVseRy ('s,8) = Ter s
if [i:I.b;-> cfi EI(i:I.‘bi)AVz':I.‘biﬁTC;‘s

Forskip : Rsip ('s,s') = ¢ ='sandTgip ‘s = 1.
Forabort : Raport ('s,s’) = 0andTaporr ‘s = 0. For
iteration:do b -> ¢’ od is defined to have the same effect
asif —b->skip ) b-> (¢;dob-> cod)fi .

Hoare semantics A Hoare triple describes all possible
computations for command(i.e., those inS*)g_) start-
ing in a state satisfying\ : S— B (antecondition) and ter-
minating in a state satisfying : S— B (postcondition) by
a predicate of typéS— B) x C x (S— B) — B defined
next for partial correctness (12) and total correctness (13),
usingTerm_: C' — (S— B) — B for termination (14).

{A} c{P} =V's.Vs R ('s,s") = A's = P (12)
[A] ¢ [P] ={A} c{P} A Term A (13)
Term, A =VseAs=T.s (14)

Calculating Dijkstra semantics We define theweakest
liberal antecondition and weakest antecondition by pred-
icate transformerVla_:C' — (S—B)— (S—B) and
Wila_: C — (S— B) — (S— B) with implicit equations

{A}c{P} =
[A] ¢ [P] =

VseAs=Wla.Ps ,
VseAs=Wa.Ps .

(15)
(16)

To obtain explicit formulas, we calculationally transform
(12) and (13) to match the shape of (15) and (16):



{A} c{P} (i) P;C =P;TrCand(v)C;P=CT1T;P for

= (Definit. (12) V'seVs' «R. ('s,s') = A's = Ps’ any P:SP andC': CP.
= (Shunting=) V'seVs e A's = R. ('s,s') = P s’ For the eternity predicateE:=T ;F and thebounded
= (Ldistr. =/V) V'se A's = Vs'«Rc ('s,5") = P’ predicateB:==E, clearlyEy = #v = oo andBy =
= (Var.changg Vs« As = Vs eRc(s,s') = Ps', #~ # co. CC defines, for anyl en P in SP enC in CP,
Al ¢ [P
A (D[ef}init. (13) {A} ¢ {P} A Term. A {A}o{pr} = A;CET;P (19)
(Def. (15,14) V(se As = Wla. Ps) AVse As = Tcs [A]C[P] = A;CCEB;P (20)

(Distrib. VIA) Vse(As=Wla. Ps) A (As=T.s)
(Ldistr. =/A) Vse As=Wla. PsATcs .

Matching yields (uniqueness being easy to show)

A first calculation example is bringingd] C' [P] into
the form{A} C {P} A T, whereT is to be discovered.

[A]C[P] = (Def.(20) A;C CB;P
_ / ’ ’ = (Prop.(v) A;CEBMT;P
Wia.Ps = ¥s.Re(ss)=Ps, (17) = (RAiSLIZ) A;CEB A A:CTT; P
Wa,P = Wia, P A T.. (18) = (Def.(19) A:CCTB A {A}C {P} .

Hence[A] C [P] = {A} C {P} AN A;CEB; clearly
Note the striking similarity of the calculations with those 4. ' Bis the desired termination formula.
in the analysis example: everything is predicate calculus. A calculation example spanning across theories is “re-
From (17) and (18) we can calculate properties that in verse engineering” to finslystems equations, i.e., abstract
the literature are always given as postulates [14]. The variants of program equations, capturing CC. So we cal-
same holds for the results obtained by substituting the pro-cylateR_:CP - S2 B enT_ :CP — S — B such that
gram equations for the various language constructs [11].

) {A}C{P} = (22)
Way:=e P s PS[E \ / 2 \ / \ /
Wa,. Wa, o Wa, V(s,s"):S*.Re (s,8") = A(r's) = P(1s') ,
Wai [i:7.0,> i Ps dbAVi:l.b;=Wa, Ps A;CEB = V'%s:S.A(rt%s)=Tc's . (22)

In:N.w" (s-ﬁb/\st)s

(=bAPs)V(bAWa, Qs) .

Computation sequences and program semantic§ he

final example shows how a model for R. Dijkstr&sm-

putation Calculus (CC) [15] can be expressed and proper-

ties derived using operators for sequences which we orig-

inally developed for reasoning about signals and systems.
Preliminaries: for sequences it’, definetake (]) by (Defin.vy) Vy:C.A(Ttv) = C~y= By

x| n =2z, anddrop (|) byz |n = o™z foranyz: A¥ (1-pt. rule

andn :[J (#z + 1). For predicates with common domain Vy:C.V's:S. s =90 = A(r's) = Cy = By

Wago 5 > o/ od P s
definingw by wQ@ s

These are variants of (12, 14) f8P. Calculating:

A;CCB

(Prop. (ii)) A;TMCEB

(Defin.E) Vy:C.(A;TMC)y = By
(Defin. M) Vv:C.(A;T)yAC~vy = By
(Prop. (i) Vv:C.Avya AC~vy = By
(ShuntA) Vy:C.Avya = Cvy = By

X, define relation= by PCQ = Va:X . Pz = Qu. = (Shunt=) = \ .

Letting[] stand forA, note thatP = Q = P = P Q. _ <SWZWV'>C'VS'S'A(T $) = Cy='s=7=By
In CC, computations are elements af :=S* U S* for - VRSZS.V’YZC.A(T\S) Oy s =0 = By

state spac8. Specifications and behaviors are expressed _ (Ldst. =)

by computation predicates of type CP:=C — B, e.g., V's:S.A(r's) = V~:C.Cy="s =~ = By

T:=C*1andF:=C*0. Composition —;—:CPQHIB% = (Trading V's:S.A(r's) = V~:Cc.'s =0 = Br.

; ; H 1 " . 2 .
is defined for arbitrary’’, C”" : CP* and~ : C by Hence the equation foF satisfying (22) is

(C; 0"y = (#'y:oo/\/C"y)\/ § Tec's = VyiCo.vo="s=#y#x
Fn: Dy C (v} (n+ 1) AC (v ]n) . Expanding{A} C {P} yieldsR¢ satisfying (21):

Predicate calculus shows that composition is associativeR¢ (s, s’) = 3v:Cc .y =S A#y # 00 Aygy—1 = 5.
and that the predicate :CP with1 vy = #y = 1isa 2-
sided unit element. We give composition precedence over
/. [/ /. 1
MandLJ, henceC 1 C";C" =CM1(C";C"). 4 CONCLUSION
States are represented by sequences of length 1, e.g.,

Yo =T 70 for initial states andy,, :=7 vy if #v # o0 We have shown how a formalism, consisting of a very sim-
for final states. State predicates are predicates of type ple language of only 4 constructs, together with a pow-
SP:={P:CP | PE1 }. Predicate calculus shows that erful set of formal calculation rules, yields a notational
) (P;T)y = Py, (i) (T;P)y = #v#00= P, and methodological unification of continuous and discrete

Both equations have a very direct intuitive interpretation.



mathematics, especially in the areas directly relevant to
signal processing.

Apart from the obvious scientific ramifications, the for-
malism provides a unified basis for education in ECE, as
advocated in [22].

Future work will concentrate on applying the flexible

calculational method to synchronous and asynchronous

parallel operations in DSP systems.
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